Abstract: Fuel moisture has a major influence on the behavior of wildland fires and is an important underlying factor in fire risk assessment. We propose a method to assimilate dead fuel moisture content observations from remote automated weather stations (RAWS) into a time-lag fuel moisture model. RAWS are spatially sparse and a mechanism is needed to estimate fuel moisture content at locations potentially distant from observational stations. This is arranged using a trend surface model (TSM), which allows us to account for the effects of topography and atmospheric state on the spatial variability of fuel moisture content. At each location of interest, the TSM provides a pseudo-observation, which is assimilated via Kalman filtering. The method is tested with the time-lag fuel moisture model in the coupled weather-fire code WRF-SFIRE on 10-hr fuel moisture content observations from Colorado RAWS in 2013. We show using leaveone-out testing that the TSM compares favorably with inverse squared distance interpolation as 2 used in the Wildland Fire Assessment System. Finally, we demonstrate that the data assimilation method is able to improve fuel moisture content estimates in unobserved fuel classes.
Methods

32
The dead moisture model in WRF-SFIRE
33
The dead fuel moisture model in WRF-SFIRE Mandel et al. 2012) 34 simulates the moisture content in idealized, homogeneous fuel classes. They are commonly 35 referred to by their drying/wetting time lag as 1-hour, 10-hour and 100-hour fuel (Pyne et al. 36 1996). The moisture content of each fuel class k is simulated independently by a first-order classes for each fuel type are derived from the 1h, 10h and 100h fuel loads presented by (Albini 50 1976, Table 7 ). The integration provides the fuel moisture estimates for an actual fuel type in 51 each fire model cell, which is used then in the fire spread computations.
52
The fuel moisture model is described mathematically by the ordinary differential equation
where ! ( ) is the drying equilibrium, ! ( ) is the wetting equilibrium, is the rain saturation 56 level, ! is the threshold rain intensity, is the current rain intensity, ! is the saturation rain 57 intensity, ! is the drying/wetting time lag, and ! is the asymptotic soaking time lag in a very 58 high-intensity rain. The coefficients ! , ! and ! can be specified for each idealized fuel class by 
where we substitute assimilated environmental variables (annotated by the superscript A) for the 76 original variables,
We write the discretization of the extended model as
where the extended fuel moisture model state is 
107
As shown in Table 1 , the optimized fuel model parameters derived from 2012 and 2013 are quite Colorado.
112 Table 2 shows the error statistics for the original fuel moisture runs with default parameters, 
132
In the previous section, we have optimized the one set of fuel moisture parameters for the location-specific basis reflecting local environmental conditions.
136
For the purpose of Kalman filtering, we restate the discrete version of the model in a 137 stochastic setting as
where (t) is the process noise, which represents the growth in uncertainty of the state due to 139 imperfections in the model, (t) is the observation noise, and ( ) represents the observations 140 predicted by the model. Both noise terms are assumed to be zero-mean, uncorrelated and white.
141
The covariance of the process noise is a parameter of the Kalman filter and it will be denoted by
142
, while the observation covariance is provided together with each observation.
143
We considered and compared two variants of Kalman Filtering (KF), the Extended Kalman larger sets of data. We now discuss the two types of Kalman filters tested.
157
The Extended Kalman filter models the evolution of the fuel moisture by passing the current 158 estimate of the state through the discretized model function
The forecast covariance is computed using the Jacobian ! of the model as
The term J ! !!! J ! ! is equal to the first term in the Taylor expansion of the exact covariance
162
propagation through the nonlinear function . The EKF thus has first order accuracy in 163 covariance propagation, as higher order terms in the Taylor expansion are missing.
164
The update phase can be summarized as
where ( ) is the Kalman gain at time , is the observation and ( ) is the covariance of 167 the observation. is the observation operator, which has a particularly simple form for our 168 problem as the 10-hr fuel moisture is observed directly.
169
The Unscented Kalman filter takes a different approach. It is based on the unscented 170 transformation, which is a deterministic sampling technique for propagating the statistics of a 171 random variable through a nonlinear transformation (Julier and Uhlmann 1997 
where Σ is the covariance matrix corresponding to the locations of the observations. To estimate 222 the microscale variability variance ! , we numerically solve the equation 
The derivation of the pseudo-observation variance can be found in the Appendix.
230
Finally note that due to the nature of the trend surface model, it is possible that for some 231 locations, negative values of fuel moisture content are predicted. These must be trimmed to 0 to 232 prevent the appearance of negative fuel moisture content in the fuel models. 
Results
248
Leave-one-out testing in Colorado with 2013 observations
249
We first perform detailed tests of the trend surface model approach using 2013 station data in 
261
requires no fuel moisture model and is suitable simply for spatial extrapolation of fuel moisture 262 observations. The rain intensity covariate is removed if there was no rain over the domain to 263 prevent the appearance of singular matrices. This variant will be denoted 'TSM'.
264
In the second variant, the atmospheric moisture equilibrium is replaced by the forecast of a 265 fuel moisture model running at the location of each transmitting station. The Extended Kalman
266
Filter is used to assimilate the pseudo-observations provided by the trend surface model into the 267 fuel moisture model thus constructing a coupled system where the fuel moisture models provide 268 spatial structure to the trend surface model, which in turn provides the next pseudo-observations.
269
This variant will be denoted 'TSM+EKF'.
270
The third variant is similar to the second variant, where we replace the Extended Kalman
271
Filter by the Unscented Kalman Filter. This variant will be denoted 'TSM+UKF'.
272
We shall compare these variants to the inverse square distance interpolation method currently 273 used in the Wildland Fire Assessment System (Burgan et al. 1998 ). This method is denoted 274 'INTERP2'.
275
To estimate the error incurred by each of the above methods, we turn to leave-one-out testing.
276
For each of the 28 stations (see Figure 2 for locations), we leave all of its 10-hr fuel moisture 277 observations out and attempt to predict them using the remaining data (i.e. including weather
278
conditions at the left-out station) at each time point. We note that leave-one-out testing provides 279 an unbiased estimate of the prediction error.
280
The results of this test are summarized in Figure 3 as mean absolute prediction errors (MAPE) 
289
A few features are apparent in the above plot, for example the UKF and EKF have performed 290 very similarly. This was expected to some extent and has led us to choose the UKF filter over the 291 EKF filter for reasons relegated to the discussion section. Clearly, the use of Kalman filtering 292 coupled with the trend surface model worked best for almost all of the stations. We attribute the 293 improvement over using the fuel moisture equilibrium as a covariate to the fact that 10-hr fuel 294 moisture is often quite far from the moisture equilibrium, so the current fuel moisture forecast 295 captures the structure of the fuel moisture field better than the atmospheric equilibrium. Table 3 .Leave--one--out error for different methods of estimating the 10--hr fuel moisture content field. The 301 second and third rows give relative improvement with respect to using model with out data assimilation and 302 with respect to using only the inverse squared distance interpolation.
303
The results of the experiment support the claim that the trend surface model is an 304 improvement over the inverse square distance interpolation method when using only the station 305 observations. However, coupling the trend surface model with the fuel moisture model and
306
Kalman filtering brings yet more improvement toward a MAPE close to 0.02.
308
Effect of data assimilation on unobserved fuels 309 We investigate quantitatively the effect of data assimilation of 10-hr fuel moisture content Table 4 summarizes the impact of assimilating 10-hr FMC observations on the 1-hr and 100-322 hr fuels. Since there are few observations, we also supply standard errors of mean. 
326
While the small number of observations is not conducive to rigorous statistical testing, some 327 differences appear large enough for interpretation in this exploratory analysis. We summarize the 328 findings in that data assimilation on the tested time scales improves the estimates of the 1-hr
329
FMC by about 30% in terms of the MAPE and by about 60% in terms of the mean error.
330
However, no discernible improvement is visible in the 100-hr FMC apart from the effect of the 
377
We also note that the trend surface model approach is highly extensible. If a new source of 378 spatial data relevant to fuel moisture content becomes available (e.g. a high resolution soil 379 moisture product), it can be objectively tested for its predictive power using the leave-one-out 380 strategy we have already used in our work. If the new field reduces the leave-one-out error then
381
it can be incorporated in the algorithm as another predictor.
382
A more detailed approach would take into account the uncertainty in model-generated 383 covariates, which are themselves loaded with errors. We have considered using the total least 384 squares framework but this formulation has a condition that is always worse than that of the 385 standard least squares problem (Golub and Van Loan, 1980 
Conclusion
396
The objective of the reported work was to provide improved fuel moisture content estimates We have demonstrated using leave-one-out testing that the proposed method is able to capture 
